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. Determine the rank and nullity of A and find a basis for each of the 

following subspaces of 4  : (20%) 

(1) null space of A; 

(2) column spaces of A and TA ; 

(3) row space of A and TA .  

2. Let V be a vector space with basis 1 2 3{ , , }v v v . Let 1 1 2 w v v , 2 1 2 w v v , 3 1 2 3  w v v v . 

Prove: for every Vv , there exist a unique set of scalars 1 2 3, ,c c c  such that 1 1 2 2 3 3c c c  v w w w . 

 (20%) 
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, 3n  . For example, 3
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. Prove that 0nA  . (10%) 

4. Let 
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. (15%) 

(1) Find the eigenvalues of A . 

(2) Find an invertible matrix C  such that 1C AC is a diagonal matrix. 
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5. Find an orthonormal basis for the subspace       1,2,0,2 , 2,1,1,1 , 1,0,0,1W sp  of 4 . (10%) 

6. Let 3 3:T   be the linear transformation defined by 1 2 3 1 2 3 1 2 3( , , ) ( , , )T x x x x x x x x x    .

 (15%) 

(1) Find the standard matrix representation A  of T , and  

(2) Find the matrix representation BR  of T relative to the ordered bases       1,0,1 , 1,1,0 , 0,1,1B  . 

7. Let A  be an n n matrix. Prove that, if 1 2, , , nv v v  are eigenvectors of A  corresponding to 

distinct eigenvalues 1 2, , , n   , respectively, then the set  1 2, , , nv v v  is linearly independent. 

(10%)  


