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(18%) Let 𝑋 be a continuous random variable with pdf 𝑓(𝑥) = 𝑐(𝑥 −  𝑥2), 0 < 𝑥 < 1. 

(1) (6%) Find the constant 𝑐. 

(2) (6%) Find the probability 𝑃(0.6 < 𝑥 < 1.2). 

(3) (6%) Find the median of this distribution. 

1. (20%) Let 𝑋 and 𝑌 have a uniform distribution on the set of points with integer coordinates in 𝑆 =

{(𝑥, 𝑦): 0 ≤ 𝑥 ≤ 7, 𝑥 ≤ 𝑦 ≤ 𝑥 + 2}.  That is, 𝑓(𝑥, 𝑦) = 1/24,  (𝑥, 𝑦) ∈ 𝑆,  and both x and y are 

integers. 

(1) (6%) Find the marginal pmf of X, 𝑓𝑋(𝑥). 

(2) (6%) Find the conditional pmf of Y, given that 𝑋 = 𝑥,  𝑓𝑌|𝑥(𝑦|𝑥).  

(3) (8%) Find the conditional expectation 𝐸(𝑌|𝑥). 

3. (12%) Let  𝑋 have the uniform distribution 𝑈(−1,3). Find the pdf of 𝑌 = 𝑋2. 

4. (18%) Suppose X1, X2,…, Xn is a random sample (i.e., independent and identically distributed) from a 

normal population N (μ, σ2), where both μ and σ2 are unknown. The sample mean and sample variance are 

denoted by X and S2, respectively. 

(1) (8%) Define Y = 2 2( 1)n S − . Derive the distribution of Y. In your response, provide the complete 

mathematical derivation, state the name of the resulting distribution, and specify its parameter(s). 

(2) (5%) Let 
X

W
S n

−
= . Identify the distribution of W. State the necessary condition regarding the 

relationship between X and S2 for this result to be valid. 

(3) (5%) A researcher collects a random sample of size n=16 from this population, yielding X =50 and 

S2=25. If the researcher claims that the population mean μ is greater than 47, test this claim at the 

α= 0.05 significance level. Your answer must include the null hypothesis (H0), the alternative 

hypothesis (H1), the calculated test statistic, and a conclusion. 

(Note: Z0.025=1.96, t0.025, df=15=2.131, t0.025, df=16=2.120, Z0.05=1.645, t0.05, df=15=1.753, t0.05, df=16=1.746) 

5. (12%) Consider a hierarchical model where a random sample X1, X2,…, Xn is generated from a normal   

population such that the population mean is a random variable Θ. Specifically, Θ~N (μ, τ2) represents the 

variability of the population mean, and given Θ=θ, the observations X1, X2,…, Xn are conditionally i.i.d.  

N (θ, σ2). Furthermore, let σ2 and τ2 be known positive constants. 

(1) (6%) Identify the marginal distribution of a single observation Xi. Specify the name of the 

distribution and its corresponding parameters. 
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(2) (6%) Derive the Maximum Likelihood Estimator (MLE) of μ based on the observed sample X1, 

X2,…, Xn. 

6. (20%) Suppose X1, X2, …, Xn is a random sample from a Poisson distribution with parameter λ>0. 

(1) (3%) Examine whether the Poisson distribution belongs to the exponential family. 

(2) (3%) Identify a complete sufficient statistic for λ based on the given random sample. 

(3) (6%) Calculate the Fisher Information for the random sample X1, X2,…, Xn and determine the 

Cramér-Rao Lower Bound (CRLB) for the variance of any unbiased estimator of λ. 

(4) (8%) Let g(λ)=e-λ. Find the Uniformly Minimum Variance Unbiased Estimator (UMVUE) of g(λ) 

and justify your answer. 


