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1. ( 20% ) Find the solution set of the system of linear equations：                              

{

   𝑥1 + 2𝑥2 + 2𝑥3 − 3𝑥4 = 4
3𝑥1 + 𝑥2 − 2𝑥3 + 𝑥4 = 3

𝑥2 + 𝑥3 − 2𝑥4 = 0
 

 

2. ( 20% ) Let 𝐴 = [
 2 5 
 5 2 

] ∈ M2×2(ℝ) be a 2 × 2 real matrix.                              

Find an invertible matrix 𝑃 and a diagonal matrix 𝐷 such that 𝑃−1𝐴𝑃 = 𝐷. 

 

3. Let ℝ4 be a real inner product space with the standard inner product. 

Let 𝑊 = span({[1,−1, 0, 0], [1, 0, 1, 0], [0, 1, 1, 1]}) be a subspace of ℝ4  

and let 𝑊⊥ be the orthogonal complement of 𝑊 in  ℝ4.  

(1) ( 15% ) Find an orthogonal basis for 𝑊.                                             

(2) ( 10% ) Find an orthogonal basis for 𝑊⊥.                                            

 

4. (1) ( 10% ) Let 𝐴 =

[
 
 
 
 
 

 

1 𝑥1 𝑥1
2 𝑥1

3 𝑥1
4

1 𝑥2 𝑥2
2 𝑥2

3 𝑥2
4

1 𝑥3 𝑥3
2 𝑥3

3 𝑥3
4

1 𝑥4 𝑥4
2 𝑥4

3 𝑥4
4

1 𝑥5 𝑥5
2 𝑥5

3 𝑥5
4

 

]
 
 
 
 
 

∈ M5×5(ℝ) be a 5 × 5 real matrix.          

    Prove that det(𝐴) = ∏ (𝑥𝑗 − 𝑥𝑖).1≤𝑖<𝑗≤5  

 

∈ M5×5(ℝ) is a 5 × 5 real matrix. (2) ( 10% ) Suppose that 

 

Find all 𝑠 ∈ ℝ such that 𝐵 is an invertible matrix. 

 

5. Let 𝐴 ∈ M2×2(ℝ) be a 2 × 2 real matrix.  

Suppose that 𝐴𝑛 = 𝑂 for some positive integer 𝑛, where 𝑂 denotes the zero matrix.  

(1) ( 5% )  Find all eigenvalues of 𝐴.                                                   

(2) ( 10% ) Prove that 𝐴2 = 𝑂.                                                              


