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1. (20%)  Let 𝑉 = P3(R) with the inner product < 𝑓,  𝑔 > =   ∫ 𝑓(𝑡)
1

0
 𝑔(𝑡) 𝑑𝑡  . 

Apply the Gram-Schmidt process to 𝑆 = {1, 𝑥, 𝑥3} to find an orthogonal basis 𝛽 for span(S). 

 

2. (20%)  Find new coordinates x′, y′ so that 9x2 + 24𝑥𝑦 + 16y2 − 20𝑥 + 15𝑦 = 0 can be written 

as λ1(𝑥′)2 + λ2(y′)2  + 𝑑 x′ + 𝑒 y′ +  𝑓  =  0, where λ1, λ2, 𝑑, 𝑒,  and 𝑓 are scalars. 

 

3. (20%)  Let 𝑇: P2(ℝ) → P2(ℝ) be defined by 𝑇(𝑓(𝑥)) = 𝑓(𝑥) + (𝑥 − 1)𝑓′(𝑥). 

Let 𝛽 = {1, 𝑥, 𝑥2} be the standard ordered basis for P2(ℝ). 

 
(1) Find the matrix representation [𝑇]𝛽 of 𝑇 in the basis 𝛽. 

(2) Is 𝑇 is diagonalizable? Why? 

 

4. (20%)  Let (

1 2 0
0 0 1

−3 0 −1
−5 0 2

0 0 0
0 0 0

0
0

) be the reduced row echelon form of A. Determine A if 

the second, fourth, and sixth columns of A are 

(

 1
−2
−1
 3

 ),  (  

−1
 1
 2

−4

 ) and (

 3
−9
 2
 5

 ), respectively. 

  

5. (20%)  Let 𝑉 = {(𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) ∈ ℝ5: 𝑥1 − 2𝑥2 + 3𝑥3 − 𝑥4 + 2𝑥5 = 0  and 2𝑥1 + 𝑥2 + 𝑥3 − 𝑥5 = 0}.  

(1) Find a basis for 𝑉.  

(2) Let S = {(1, 0, −1, 0, 1)}. Extend S to a basis for 𝑉. 
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