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4. (a) (5%) State the central limit theorem (CLT).

(b) (10%) Let a random variable X with probability density function (pdf) f, (x)=cx x®¥e5 ,x>0; zero

otherwise, where c is a constant. Please use CLT to approximate P(450<X<600).

5 Let X, X,,..,X, beindependent and identically distributed uniform observations on the interval
(0,0+1),—0<@<oo. Let X, <..< X, be the order statistics from the sample.
(@) (5%) Find the maximum likelihood estimator(s) of 6.
(b) (5%) Find the sufficient statistic for 6.
(c) (5%) Please find a moment estimator for 6. Is this moment estimator an unbiased estimator for 9 ?

explain it.

(d) (10%) The joint pdf of X, and X _, is

@ (n)

n-2
f(x « |9)= n(n—l)(x(n)—x(l)) » O <Xy <X, <0+1
(1) "(n) )
0 , otherwise.

LetR=X,, — X, and M:(X(l) + X )/2 , please find the joint pdf of R and M.

(e) (10%) Find the marginal pdf of R. What is the distribution and corresponding parameters of R ?
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Standard Normal Table

z 0.00

o.M

0.0 | 0.5000
0.1 | 0.5388
0.2 | 0.5783
0.3 | 0.6178
0.4 | 0.6554

0.5 | 0.6915
0.6 | 0.7287
0.7 | 0.75E0
0.8 | 0.7881
0.9 | 0.B1bY

1.0 | 0.8413
1.1 | 0.BB43
1.2 | 0.8B4Y
0.9032
09192

0.9332
0.8452
0.9554
0.9641
0.9713
09772
0.5821
0.8861
0.98893
0.9918

0.9938
0.9953
0.98965
0.9974
0.95981
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0.5040

0.5438
0.5832
0.6217
0.6591

0.6950
0.7291
07611
0.7910
O.B186

0.8438
0.B665
0.6869
0.9049
0.9207

0.9345
0.9463
0.9564
0.9649
0.9719

0.9778
0.9826
0.89864
0.98596
0.9920

0.9940
0.9955
0.9966

-0.9975

0.5982
0.9987

Plf<:)=

0.02

0.5080
05478
05871
062585
06628

06988
07324
0.7642
0.7939
0.8212

0.8461
0.8586
C.BB88
0.9066
0.9222

09357
09474
0.8573
0.89656
0.9726

0.9783
0.9830
0.9868
0.9E3H
0.9922

0.8941
0.9956
0.9967
0.89976
0.9982

0.9987
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e~ wlfl d“,

0.03

0.04

0.05

0.06

0.07

0.08

0.09 |

0.5120
06517
0.5910
0.6293
0.6664

0.7019
0.7357
0.7673
0.7967
0.B238

08485
0.8708
0.8507

0.9082

0.9236

0.8370
0.94E4
0.9582
0.9664
0.9732
0.9768
0.9634
0.98N1
0.9501
0.9925

0.89943
0.9957
0.9968
0.9977
0.88E3

0.99E8

0.5160
0.6557
0.5948
0.6331
0.6 100
0.7054
0.7389
0.7703
0.79595
08264

0.B508
0.8729
0.8325
0.9099
0.9251

0.9382
0.9455
0.9581
0.9871
0.8758
0.8783
0.8E38
0.8876
09304
0.9927

0.5945
0.6854
0.9969
0.8977
06984

0.5988

0.51943
0.6696
05987
0.6368
06736
0.7088
07422
0.7734
0.8023
0.8289

0.eb31
0.8749
0.8944
0.5115
0.9265

0.9394
0.8505
0.9595
0.9678
09744

09798
0.9842
0.5878
0.9806
0.9928

0.9594E
089560
9970
0.9378
08584

0.9989

0.5238
0.6636
0.6026
0.6£06
06712

0.7123
0.7454
0.7764
0.8051
0.B316

0.8584
0.8770
0.8962
0.9131
08279

09406
0.9515
0.9608
09656
0.9750

0.9803
0.9846
0.9881
0.9909
0.9331

0.9948
0.8561
0.997M
0.959785
0.9585

0.9389

05279
0.5675
0.6064
0.6443
0.6BDB

0.7157
07488
07784
0.B078
0.8340

0.8577
0.8790
0.8980
0.9147
0.9292

0.9418
0.9525
0.9616
0.9653
0.5756

0.0808
0.9850
0.5884
0.89911
0.9932

0.5949
0.5962
08872
0.8573
0.5385

0.9589

0.5319
0.5714
0.6103
0.6480
0.6844

0.71180
0.7617
0.7823
0.8106
0.8365

0.8559
08810
0.8957
0.91€2
0.3306

0.94Z2%
0.9535
0.9625
0.9694
0.9761

0.9812
0.9854
0.9BE7
09813
0.9934

0.9551
(0.9963
0.9873
0.9580
09886

0.9980

0.5359|
0.5763
0.6141
0.6517
0.6879

0.7224
0.7549
0.7852
0.8133
0.8389

0.8621
0.8830
0.9015
0.9177
0.9319

0.9441
0.9545
0.9633
0.9708
0.8767

0.9817
0.9857
0.9830
0.9916
0.9936/

0.9952!'
0.9954 |
0.8574
0.9981
0.95986

0.9580

a | 0.400

0.300

0.200

0.100

0.050

D.02b

0.010

- 0.00B

Z. |0.253
Fan | UBAZ

0.524
1.038

0.842
1.282

1.282
1.645

1.645
1.880

1.960
2.240

2326
2576

2.676
2.807

0.001

3.080
3.291
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Numbers in the table represent p{X=x) for a binomial
distribution with n trials and probability of success p.
P

n x m 05 10 As .20 25 .30 35 A0 A5

19 0 262 3774 1351 0456 044 0042 0OY1 0003 OO00Y 0000
1 1586  3r74 2852 1529 0685 Qs 0093 0029 0008 0002
2 ona 1787 2852 7478 1540 (0803 0358 M38 0046 0013
3 0008 0833 79 2428 IE2 1517 0a&y 042 0178 002
4 000 o2 oses 1714 nsz 2003 1an s 0es) 0203
5 0000 0018 0266 0ON07 1636 2023 1994 1468 0933 (M97
& 0000 002 0069 0374 0955 1574 1916 1844 141 o9
7 o000 DO0o one 0132 o3 (ond | 1525 1844 1757 1443
8 0000 0000 0002 0032 0166 0487 0981 1489 1797 I
Q o0 0000 0000 ooo7r 00ss oss 0514 0980 1464 wn
10 0000 0000 0000 0001 (0013 0044 0220 0528 0976 149
11 0000 0000 0000 0000 0003 00N 0077  0R33 0832 90
12 0000 0000 0000 D000 0000 QOO DO22 Q00683 Q237 0529
13 0O 0000 0000 0000 0000 00Ot 0006 0024 Q0BS 0233
14 0000 0000 0000 0000 0000 QOO0 0o 000 X4 082
1S 0000 0000 0000 0000 O0O0 000D 0000 0001 0005 0022
16 0000 0000 0000 0000 0000 0000 0000 L0000 o0 L0os
” o0 DOOO 0000 0000 0000 nooo DOOD 0000 0000 ooos
18 0000 000C 0000 0000 0000 0000 0000 0000 Q000 0000
1”0 oo 0000 D000 000D 0000 oo 0000 0000 0000 Looo

20 0 B1/9 35BS 16 0388 0115 0032 0008 002 0000 OO0
1 1652 3774 2702 1368 0576 o2 0058 0020 0005 DOOY
2 0159 1887 2852 2293 1367 &Sy 2ya 0100 0037 0008
3 oo 0% 19 2428 2084 1339 e 0323 23 oo
4 0000 0133 06898 821 2182 1897 1304 0738 0380 D139
s 0000 D0e2 031 Q2 1745 2023 1189 1272 Qlas D3&S
é 0000 0003 DO 0458 1071 1686 1916 1712 1284 D74
7 Q000 0000 0020 0140 0545 124 1643 1848 1459 2
8 0000 D000 0004 O0ds 0222 Del9 1aa 1614 1797 1823
9 0000 0000 000T 0011 0074 0277 0654 1158 1597
10 0000 0000 0000 0002 0020 0099 0008 0686 1171 883
" 000 0000 0OO0 0000 0005 0030 0120 0336 o710 1185
12 0000 0000 0000 0000 0007 0008 0039 0136 038 0027
13 000C 0000 0000 0000 0000 0002 0010 0045 0145 0388
4 0000 0000 D000 0000 0000 DOOD 0007 00172 0049 DI1S0
1§ 0000 0000 0000 0000 0000 0000 0000 0003 Q013 OOq9
156 0000 0000 0000 0000 0000 Looo 000 0000 0003 ooz
17 0000 0000 0000 Q000 0000 0000 0000 0000 OO0D0 Q002
18 0000 0000 0000 0000 OO0 0000 0000 0000 0000 O00o
19 0000 0000 0000 D000 OOO0 DOOD 0000 0000 0000 0000
20 0O 0000 0000 0000 Q000 0000 0000 0000 QOO0 0000
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